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Question 1

The positive integers = and y satisfy zy + 2z + 3y = 42. How many ordered pairs (z,y) are there?

A 5
B 4
C 6
D 8

Solution 1
Answer: A

xy + 2z + 3y does not factorise, but we can write it as z(y + 2) + 3(y+7?). This suggests adding 6 to
both sides of the equation:

Ty +204+3y+6=48 < (x+3)(y+2) =48

Since x,y > 1, we need z + 3 > 4 and y + 2 > 3, and both are integers, of course. Therefore, we

just need to go through the possible factorisations: 4 x 12, 6 x 8, 8 X 6, 12 x 4 and 16 x 3, giving

(z,y) = (1,10),(3,6),(5,4),(9,2),(13,1).

The factorisation 24 x 2 does not work because y 4+ 2 = 2 forces y = 0. Hence, there are 5 pairs.
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Question 2

For all positive real numbers a and b, the inequality a®+b® > cab(a + b) holds. What is the greatest

value of the constant ¢ for which this is always true?

1
A =
2
B 1
2
c =
3
D 2

Solution 2
Answer: B

Notice that on the left-hand side a = —b is a root, so (a + b) is a factor. So factorise the left-hand
side: a3 + b3 = (a + b)(a®? — ab+ b?). Then dividing the inequality by the positive quantity ab(a + b)
gives

a® — ab + b a

>
b =° T %

b
+—-—1>c
a
For those that are familiar with the AM-GM inequality, you may recognize § + g > 2, otherwise,
this can be proven.
We know (a — b)?

a

>
by ab gives 7 —{—g >

0, thus a® 4 b? > 2ab. Since both a and b positive, then so is ab, then dividing
2.

Therefore 3 + g — 1> 1, always, and with equality when a = b. The greatest constant that always

works is therefore ¢ = 1.

w
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Question 3

The expression a?(b — ¢) + b%(c — a) + c¢*(a — b) is identically equal to which of the following?
A (a—=bb-c)c—a)

B (a+b)(b+c)(c+a)

C —(a=b)b-c)c—a)

D (a—b(b-c)(c+a)

Solution 3
Answer: C

Treat the expression as a polynomial in a. Substituting a = b gives b%(b — ¢) + b*(c — b) + 2 -0 = 0,
so (a —b) is a factor. Similarly (b — ¢) and (¢ — a) are factors as well.

Now since the expression has degree 3, it equals k(a — b)(b — ¢)(c — a) for some constant k.

Testing a = 2, b = 1, ¢ = 0 gives the value 4(1) + 1(—2) + 0 = 2, while (a —b)(b —¢)(c —a) =
(1)(1)(=2) = =2, so k = —1. Hence the expression equals —(a — b)(b — ¢)(c — a).
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Question 4

1 3
Let a > 0 and f(z) = §x4 + axd — §a2x2 — 2a3z. What is the z-coordinate of the local maximum
of f?

A  —2a
B -—-a
c 3
b _¢
2
Solution 4

Answer: D

Differentiating gives
f(z) = 22 4 3az® — 3a%x — 243,

Notice that z = a is a root of f'(x), so (x — a) is a factor. Hence
f'(z) = (z — a)(22* + bazx + 2a®) = (z — a)(2z + a)(x + 2a).

Therefore the stationary points occur at x = —2a, x = —§ and x = a. Since a > 0, they occur in
the order
a
—2a0 < —= < a.
2

Since f(z) is a quartic with a positive 2* coefficient, the middle of these three turning points must

be the local maximum. Hence the local maximum occurs at x = —%.

wt
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Question 5

Positive real numbers z and y satisfy x + y = 3.
For which values of z is 2% — 222y — zy? + 2y3 > 0?

3

3

C O<x<gor2<x<3

3

Solution 5
Answer: C

First notice that = = y is a root of 2% — 2%y — xy? + 2y3, so (z — y) is a factor. Similarly, x = —y is
also a root, so (z + y) is a factor. Since the expression is cubic, we can then factorise it completely
as

2 =207y — xy? + 29° = (x — y)(x + y)(x — 2y).

Now use  +y = 3, so y = 3 — z. Since x and y are both positive, we also know 0 < z < 3.

Substituting y = 3 — = into the factorised inequality gives
(2x—3)(3)3x—6) >0 < (2z-3)(z—2)>0.
Combining this with 0 < x < 3, we obtain

3
0<a:<§ or 2<xz<3.
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Question 6

The equation 2sin® z — sinz = 2 cos®  — cos = has four solutions in 0 < 2 < 27. What is the sum of

these four solutions?

You may use the result sin(2z) = 2sinz cos z for all real values of .

A 3m
B T
2
C 4r
b o
2

Solution 6
Answer: C

In a completely shameless exploitation of the multivariate factor theorem, we immediately notice

that sinz = cosx is a root. Therefore sinx — cosx must be a factor. :)

Therefore, moving all terms to one side and factorising gives
(sinz — cosz)(2sin? z 4+ 2sinz cosx + 2cos’ x — 1) = 0.
Since sin? z + cos? z = 1, this simplifies to

(sinz — cosz)(1l + 2sinzcosz) = 0.

: _ T 57
The first factor gives x = 7, °F.
The second factor gives 2sinx cosx = —1, so using sin(2z) = 2sin z cos z, we have sin(2z) = —1.
— 3m Im
Hence z = =, 7F.

Therefore, the sum of the four solutions is

ATy Ty T T

You can also deduce the sum of the solutions by sketching the relevant graphs.
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Question 7

Let a > 0. The curve y = 22 — 3a®z and the line y = —2a? enclose a finite region. What is the area

of this region?

27a*
A
4
-
2
27a3
C
4
81a*
D
8
Solution 7

Answer: A

The intersections satisfy 23 — 3a%x = —2a3, so 2® — 3a’z + 24> = 0.

Notice that = = a is a root, so (x — a) is a factor, and factorising eventually gives
23 — 3a%z + 2a® = (z — a)*(x + 2a).

Hence the curves intersect at x = —2a and = = a.

Therefore the enclosed area is

'/ (23 — 3’z + 2a%) dx
—2a

Evaluating,

4 2

N B 27a*

2t 3a22?
4

+ 2a3x}

—2a
Remark: Using ‘ i | is appropriate here, since the two curves do not cross again between the limits
of integration. We therefore do not need to determine whether the line lies above or below the curve;

taking the absolute value gives the bounded area directly.
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Question 8

What is the sum of the z-coordinates of all real solutions (x,y) of the simultaneous equations
22+ 2y — 2y + 2 —y =0 and 222 — 5zy + 2y2 + 3z — 6y = 07

You are also given that the system have exactly 4 solutions.

9
A =
2
B -5
c -2
10
p ¥
10

Solution 8

Answer: D

Notice = y is a root of the first equation, hence (z — y) is a factor, and the first equation factorises
as (x —y)(zx+2y+1)=0.

Also notice z = 2y is a root of the second equation, hence the second factorises as (x—2y)(2x—y+3) =
0.

We therefore solve the four possible pairs of linear equations.
From z = y and x = 2y we get (0,0).

From x = y and 2z — y + 3 = 0 we get (—3,—3).

1
From z + 2y +1 =0 and z = 2y we get (—5,—1),
71
From z +2y+1=0and 2z — y + 3 = 0 we get (_575)

These four solutions are distinct, by the given condition these are all the solutions. The sum of

their z-coordinates is

0-3-5—7=

17 49
==
Remark: I did not actually need to give the condition that there are 4 solutions, since this can be
deduced from the factorised forms of the equations. Indeed, the factorised forms are equivalent to
the original equations, so any solution pair (z,y) must make one factor from each equation equal to
zero. There are therefore only 2 x 2 = 4 possible pairs of linear equations to consider, and each pair

can give at most one solution. Hence there can be at most 4 distinct solutions.
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However, 1T thought the question was already challenging and long enough for a TMUA question

without also asking you to make this deduction. :)
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Question 9

In a non-degenerate triangle ABC, the side lengths opposite A, B, C are a, b, ¢ respectively.
Suppose a’ + ab — ac — 2b%> 4+ be = 0 and ¢? = 3ab. What is the value of C?

A T
3
B =
2
¢
3
3T
D 2=
4

Solution 9
Answer: C

Notice a = b is a root of a + ab — ac — 2b% + bc = 0, therefore it factorises as (a — b)(a + 2b —c) = 0.
Since the triangle is non-degenerate, ¢ < a + b, so a + 2b — ¢ > b > 0, and therefore in order for the

equation to hold, a = b.
The second condition now gives ¢? = 3a?.
By the cosine rule, ¢ = a? +b% — 2ab cos C, substitute for ¢ and b, it becomes 3a? = 2a? — 2a? cos C.

1 2
Hence cos C = —3 and so C' = —TF.
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Question 10

How many points (z, y) on the circle 222+2y? = 5 satisfy 223 —52%y—42? +2y?+120y+2y> —8y? = 07

A 2
B 4
C 5
D 6

Solution 10
Answer: B

First notice that x = y is a root of the cubic, so (z — y) is a factor. Therefore the cubic can be
factorised as
(z —y)(22% — 3zy — 4o — 2> + 8y) = 0.

Next notice that = = 2y is a root of the quadratic factor, so (x — 2y) is a factor. Hence the original
cubic equation can be fully factorised as

(x—y)(z—2y)(2x +y —4) =0.
Thus any point (z,y) satisfying both equations must lie on at least one of the three lines

T =y, T =2y, 20 +y = 4.

The circle has centre the origin and radius \/g .
The line x = y passes through the origin, so it meets the circle twice.
The line x = 2y also passes through the origin, so it meets the circle twice.

These two lines intersect only at the origin, which does not lie on the circle, so these four points are

distinct.
For the final line 2x + y = 4, there are two natural ways to show that it does not meet the circle.

One way is to find the perpendicular distance from the line to the origin. This can be shown to be
%, and since % > %, this distance is greater than the radius \/g . Hence the line does not meet

the circle.
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Alternatively, substitute y = 4 — 2z into the circle equation to get 2z% + 2(4 — 22)? = 5, which
simplifies to 1022 — 322 + 27 = 0. Its discriminant is (—32)2 — 4(10)(27) = —56 < 0, so there are no

real solutions. Hence the line does not meet the circle.

Hence there are 4 points.
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