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Multivariate Factorisation Practice 1

Solutions

Time limit: none — work at your own pace
Calculators: not permitted

Format: 15 multiple-choice questions
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Question 1

Factorise completely: 22 — 5zy + 6y>.

A (z+2y)(x—3y)
B (z—2y)(z —3y)
C (x—2y)(z+3y)
D (z+y)(z—0y)
Solution 1

Answer: B

Notice that z = 2y is a root, since substituting = 2y gives 4y — 10y? + 6y> = 0. Therefore, by
the factor theorem, (x — 2y) is a factor.
Dividing by (z — 2y) gives 22 — bzy + 6y = (x — 2y)(z — 3y).

Hence the complete factorisation is (z — 2y)(z — 3y).
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Question 2

Factorise completely: 2a® + 5ab + 2b°.

A (2a—b)(a—2b)
B (2a+b)(a—2b)
C  (2a—b)(a+2b)
D (2a+b)(a+ 2b)

Solution 2

Answer: D

Put a = tb. Then 2a? + 5ab + 2b? = b*(2t> + 5t + 2) = b*(2t + 1)(t + 2). Hence the complete

factorisation is (2a + b)(a + 2b).
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Question 3

Factorise completely: 3m? — Tmn + 2n?.

A (3m—n)(m—2n)
B (3m+n)(m—2n)
C  (3m—n)(m+2n)
D (3m—2n)(m—n)
Solution 3

Answer: A

Notice that m = 2n is a root, since substituting m = 2n gives 12n? — 14n? 4+ 2n? = 0. Therefore, by
the factor theorem, (m — 2n) is a factor.
Dividing by (m — 2n) gives 3m? — Tmn + 2n? = (m — 2n)(3m — n).

Hence the complete factorisation is (3m — n)(m — 2n).
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Question 4

Factorise completely: 4p? — 4pq — 3¢°.

A (2p—q)(2p+39)
B (2p—a)(2p—30q)
C  (p+a)(2p—30q)
D (dp+3q)(p—q)

Solution 4

Answer: C

Put p = tq. Then 4p® — 4pq — 3¢®> = ¢*(4t> — 4t — 3) = ¢*(2t + 1)(2t — 3). Hence the complete

factorisation is (2p + ¢q)(2p — 3q).
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Question 5

Factorise completely over the real numbers: x

A

B

(z + 2y)(2® — zy + 2¢°)
(z = 2y)(2* — 2y + 2¢%)
(x —2y)(22 + zy + 29?)

(x — 2y)(ac2 + 2zy + 2y2)

Solution 5

Answer: C

Put z = ty. Then the expression becomes 33 (¢

0, (t — 2) is a factor. Dividing gives t3 —

3

— 22y — 4.

— 2 —4). Since t = 2 makes t3 — t? — 4 equal to
t2 —4 = (t — 2)(t> + t + 2). The quadratic t* + ¢ + 2

has discriminant 1 — 8 = —7 < 0, so it has no further real linear factors. Therefore the complete

factorisation is (x — 2y) (22 + zy + 2y?).
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Question 6

Factorise completely over the real numbers: a® + a?b — ab? + 15b°.

A (a+3b)(a® — 2ab+ 5b%)
B (a— 3b)(a® + 2ab + 5b?)
C (a+ 3b)(a®+ 2ab + 5b%)
D (a+ 3b)(a® — 2ab — 5b%)
Solution 6

Answer: A

Put a = tb. Then the expression becomes b3(t3 4 t> — ¢ + 15). Since t = —3 makes this equal to 0,
(t + 3) is a factor. Dividing gives t3 + 12 — t + 15 = (t + 3)(t*> — 2t + 5). The quadratic t? — 2t + 5
has discriminant 4 — 20 = —16 < 0, so it has no further real linear factors. Therefore the complete

factorisation is (a + 3b)(a? — 2ab + 5b%).
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Question 7

Factorise completely: 223 — 22y — Txy? + 6y°.
A (z—y)(r+2y)(2z - 3y)

B (z—y)(z—2y)(2z +3y)

C (z+y)(z+2y)(2z — 3y)

D (z—y)(2z+y)(z—3y)

Solution 7

Answer: A

Notice that = = y is a root, since substituting z = y gives 2y® — y3 — 7y + 6y = 0. Therefore, by
the factor theorem, (z — y) is a factor.

Dividing by (z —¥) gives 223 — 2%y — Tzy? + 63 = (z — y)(22% + 2y — 692).

Now notice that z = —2y is a root of the quadratic factor, since 2(—2y)? + (—2y)y — 6y> = 0.
Therefore (z + 2y) is a factor.

Hence 222 + 2y — 6y = (x + 2y)(2x — 3y), so the complete factorisation is (z — y)(z + 2y)(2z — 3y).
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Question 8

Factorise completely: 2a3 + 3a?b — 3ab® — 2b3.

A (a+0)(2a+b)(a+2b)
B (a—b)(2a+b)(a+2b)
C  (a—b)(2a—b)(a+2b)
D (a+b)(2a—b)(a—2b)

Solution 8

Answer: B

Notice that a = b is a root, since substituting a = b gives 2b3 + 3b> — 30> — 20 = 0. Therefore, by
the factor theorem, (a — b) is a factor.

Dividing by (a — b) gives 2a® + 3a%b — 3ab® — 20> = (a — b)(2a® + 5ab + 2b%).

Now notice that @ = —2b is a root of the quadratic factor, since 2(—2b)% + 5(—2b)b + 2b* = 0.
Therefore (a 4 2b) is a factor.

Hence 2a? + 5ab + 2b> = (a + 2b)(2a + b), so the complete factorisation is (a — b)(2a + b)(a + 2b).
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Question 9

Factorise completely: p3 + 2p®q — 5pg® — 64¢°.

A (p+q)(p—29)(p+3q)
B (»+a+29)(p—3q)
C (p—q(p—29)(p+3q)

D (p+a)(p—29)(p—3q)

Solution 9
Answer: A

Notice that p = 2¢ is a root, since substituting p = 2¢ gives 8¢> 4+ 8¢® — 10¢®> — 6¢® = 0. Therefore,
by the factor theorem, (p — 2q) is a factor.

Dividing by (p — 2q) gives p* + 2p®q — 5pg® — 6¢° = (p — 2q)(p* + 4pq + 3¢°).

Now notice that p = —¢q is a root of the quadratic factor, so (p + ¢q) is a factor.

Hence p? + 4pq + 3¢ = (p + q¢)(p + 3q), so the complete factorisation is (p + q)(p — 2¢)(p + 3q).
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Question 10

Factorise completely: 22 + zy — 3z — 2y% + 3y.

A (z-y)(z+2y—3)
B (z+y)(z—-2y-3)
C (z—y)lx+2y+3)
D (z+y)(z—-2y+3)
Solution 10

Answer: A

Notice that 2 = 3 is a root, since substituting = = y gives y?+y%—3y—2y%>+3y = 0. Therefore, by the
factor theorem, (x—) is a factor. Dividing by (z—v) gives 22+ 2y —32—2y*+3y = (z—y)(x+2y—3).
Hence the complete factorisation is (z — y)(z + 2y — 3).
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Question 11

Factorise completely: a® + a?b + 3ab + 3b> — 4a — 4b.

A (a+b)(a2+3b—14)
B (a—b)(a®+3b—4)
C (a+b)(a®—3b—4)
D (a+b)(a®+3b+4)
Solution 11

Answer: A

Notice that a = —b is a root, since substituting a = —b gives —b> + b3 — 3b% + 3b> + 4b — 4b = 0.
Therefore, by the factor theorem, (a +b) is a factor. Dividing by (a +b) gives a® + a?b + 3ab + 3b* —
4a — 4b = (a + b)(a® + 3b — 4). Hence the complete factorisation is (a + b)(a? + 3b — 4).
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Question 12

Factorise completely: 2m? — 5mn + 2n? + 3m — 6n.

A (m—2n)2m—n+3)
B (m+2n)2m—n+3)
C  (m—2n)2m+n+3)
D (m—2n)2m—n-—3)
Solution 12

Answer: A

Notice that m = 2n is a root, since substituting m = 2n gives 8n?>—10n2+2n%+6n—6n = 0. Therefore,
by the factor theorem, (m —2n) is a factor. Dividing by (m —2n) gives 2m? —5mn+2n2+3m —6n =
(m —2n)(2m — n + 3). Hence the complete factorisation is (m — 2n)(2m —n + 3).
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Question 13

Factorise completely: p? 4+ pg — 3p — 4q — 4.

A

B

(p+4)(p+qg—1)
(p—4)(p+qg—1)
(p—4)(p+q+1)

(p+4)(p—q-1)

Solution 13

Answer: C

Treat the expression as a polynomial in p. The numerical value p = 4 makes the expression equal to

0 for every g, so (p — 4) is a factor. Dividing gives p + ¢ + 1. Hence the complete factorisation is

(p—4)(p+qg+1).
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Question 14

Factorise completely: 2% — 2zy + 4z — 2yz + 32°.

A

B

(z 4 2)(z — 2y + 32)
(x — 2)(x — 2y — 32)
(x+2)(x + 2y + 32)

(x —2)(z + 2y — 32)

Solution 14

Answer: A

Treat the expression as a polynomial in z, with y and z fixed. Setting x = —z gives 2% + 2yz —

422 — 2yz + 322 = 0, so (x + 2) is a factor. Dividing gives  — 2y + 3z. Therefore the complete

factorisation is (z + z)(x — 2y + 3z).
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Question 15

Factorise completely: 2a? + ab® — 2ab — ac — b + be.

A (a—b(2a+b—c)
B (a+b)(2a+0b°—c)
C  (a—b)(2a—b—c)
D (a—0b)(2a+b*+c)
Solution 15

Answer: A

Notice that a = b is a root, since substituting a = b gives 2b® + b3 — 2b> — bec — b3 + bc = 0. Therefore,
by the factor theorem, (a — b) is a factor. Dividing by (a — b) gives 2a® + ab? — 2ab — ac — b3 + bc =
(a — b)(2a + b — ¢). Hence the complete factorisation is (a — b)(2a + b — ¢).
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