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Question 1

For x > 0, what is the minimum value of = + %?

A 5
B 6
c 7
D 38
E 1

2

Solution 1
Answer: B

Since z > 0, both x and % are positive, so the AM-GM inequality gives

x+922,/x-9:2\/§:6.
X X

Equality holds when =z = %, which is clearly possible, so the minimum value is 6.

Remark: Of course, this question can also be solved by differentiation and finding the turning

point, but the AM-GM inequality is simply faster here.
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Question 2

For positive real numbers = and y, what is the smallest possible value of (422 + 9y?) <x12 + y12> ?
A 13
B 25
Cc 30
D 36
E 49

Solution 2
Answer: B
Apply Cauchy-Schwarz to the pairs (2x,3y) and (1/x,1/y). This gives
s o (1 1 1 1\?
x Yy x Y

Equality can occur when the two pairs are proportional, which here is possible when 222 = 332

Therefore the smallest possible value is 25.

w
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Question 3

For x > 1, what is the smallest possible value of :zj 1?
A 4
B 3
c 3
D 5
E 2+V2
Solution 3
Answer: A
Lett=x—1,s0t>0and x =t+ 1. Then
:L’m—Ql = (ttl)Q :t+2+%.

The expression ¢ + % is one of the most typical applications of the AM-GM inequality. Since ¢ > 0,

t+1>2,/t 1—2
t = t 7

1
t+2+224.

Hence

Equality occurs when t = %, which gives ¢ = 1 and hence x = 2. Since x > 1, equality is attainable.

Therefore the smallest possible value is 4.
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Question 4

Let  and y be positive real numbers with 2x + y = 8. What is the maximum value of xy?

A 5
B 6
Cc 38
D 9
E 12

Solution 4
Answer: C

Applying the AM-GM inequality to 2x and y we get

2
x;yZ\/zx’ya

2 2
( x2—|—y> >2x -y .

8\ 2
<2) >2x-y = 82>uxy.

this implies

Therefore

Equality holds when 2z = y, together with 2z 4+ y = 8, this gives x = 2 and y = 4, so the maximum

value is 8.
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Question 5

Let a, b and ¢ be positive real numbers. What is the minimum value of § + % + 27

A

B

Solution 5
Answer: E

Each of ¢, g and ¢ is positive, so the AM-GM inequality for three terms applies:

Equality holds when

the minimum value is 3.
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Question 6

Let k be the smallest real number such that (3z + 4y)? < k(22 + 2y?) for all real numbers x and y.
What is the value of k7

A 13
B 15
C 16
D 17
E 25

Solution 6

Answer: D

The inequality looks very similar in structure to the Cauchy-Schwarz inequality:
(aX +bY)? < (a® + 03 (X2 +Y?).

Indeed, let X =z, Y = /2y, a = 3 and b = 2/2. Then 22+2y? = X2+Y?2, while 3z+4y = a X +bY.
So by Cauchy-Schwarz,

(3X +2v2Y)2 < (32 + (2V2)) (X2 +Y?) = 17(X2 + Y?).

Hence k = 17 works.

Equality occurs when (X,Y) is proportional to (a,b) = (3,2v/2). So just take X =3 and Y = 2v/2,
which corresponds to x = 3 and y = 2. Then

(3z + 4y)? = 17(x* + 2%).

The original inequality is required to be true for all real = and y for a given choice of k. If k were

replaced by any number less than 17, say 16, then for x = 3 and y = 2 we would have
(3z 4 4y)? = 17(2® + 2¢%) > 16(z* + 2¢°),

so the inequality would fail for this pair. There are also other pairs of (z,y) for which it would fail

as well, but one is sufficient.
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Therefore no value of k less than 17 can work, and hence the smallest possible value is k = 17.
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Question 7

For —1 < z < 1, what is the greatest possible value of v/3z + 3 + /5 — 527
A 22

B

I

Solution 7
Answer: E

Let u=+/z + 1 and v = v/1 — . Then u? + v? = 2, and the expression becomes v/3u + v/5v. By
Cauchy-Schwarz,
(vV3u 4+ v5v)% < (34 5)(u? + v?) = 16.

Since v/3u + v/5v is non-negative, we may take the non-negative square root of both sides, giving
V3u+vbu < 4.

It remains to check that equality is possible. Equality in Cauchy-Schwarz occurs when u: v = v/3 :

\/5, SO

u2_3

P
Since u? =x+1and v? =1 —z,

x+1 3

-z 5

Hence 5(z + 1) = 3(1 — z), so 5z + 5 = 3 — 3z, giving 8z = —2 and therefore x = —%. This lies in

the allowed interval —1 < z < 1, so equality is attainable.

Hence the greatest possible value is 4.
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Question 8

A point P = (z,y) lies on the line 5z + 12y = 30. What is the smallest possible distance from P to
the point (1,1)7

A 1

B

ol

D >
4
4
E =
)

Solution 8
Answer: A

Let X =z —1and Y =y — 1, so that the point (1, 1) is translated to the origin. Since x = X 4+ 1
and y =Y + 1, the line 5z + 12y = 30 becomes

5(X+1)+12(Y +1)=30 <« 5X+12Y =13.

We can now equivalently find the minimum distance from the origin to the line 5X + 12Y = 13. So

we need to minimise the square of the distance, X2 4+ Y2. By Cauchy-Schwarz,
(5X +12Y)% < (52 +12%)(X? + Y?).
Since 5X + 12Y = 13 and 5% + 122 = 169,
169 < 169(X*+Y?) = 1<X?24+Y2

Equality in Cauchy-Schwarz occurs when X : Y = 5 : 12. This is clearly possible, so equality is

attainable.
Hence the smallest possible distance is v/1 = 1.

Remark: This question can be done without the initial translation, but I thought I would include
it to demonstrate this useful technique, which can be relevant to other questions. Furthermore,
Cauchy-Schwarz is not necessary here: you could instead find the normal to the line through the

origin, find its intersection with the line, and then calculate the distance.
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Question 9

Let f(x) = ax + b, where a and b are real numbers satisfying a? + 4b> = 4. Let I = f02 f(z)dz.
What is the greatest possible value of I7

A V5

B 4

D 45

E 25

Solution 9
Answer: E

Evaluating the integral gives

2
I:/ (ax +b) dx = 2a + 20.
0

To maximize I, we clearly want a and b to be positive.

Let ¢ = 2b. The condition becomes a? + ¢ = 4, while I = 2a + ¢. By Cauchy-Schwarz,
(2a +¢)? < (22 +1%)(a® 4 ¢*) = 5 x 4 = 20.

Hence I < 2v/5. Equality occurs when (a, c) is a positive multiple of (2, 1) subject to a® + ¢ = 4,
which clearly can be achieved. Therefore the greatest possible value of I is 2v/5.
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Question 10

The quadratic equation 22 — 10z + ¢ = 0 has two positive real roots a and b, allowing a = b. What

is the greatest possible value of (CES ) +1‘)Ll(’b +1)?
5
A Z
7
B °
6
2
c
36
2
D 5
121
1
B 10
21

Solution 10

Answer: C

By comparing coefficients, the roots satisfy a + b = 10 and ab = ¢. Since a,b > 0, AM-GM gives

a;bz\@,

so 5 > 4/c and hence ¢ < 25, with equality when a = b = 5. Also,

ab c c

(a+1)(b+1) cHa+b+1 c+11

For positive ¢, this expression increases as c increases, since it can be written as 1 —

its greatest value occurs at ¢ = 25 and is

25 25
25+11 36
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